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Advantage is taken of a complete and precise experimental study of the luminescent properties of
yttrium aluminium garnet doped with Ce3+, previously accomplished by other authors, to confirm
the accuracy of the invoked theoretical methods for dealing with the realistic calculation of the
electromagnetic spectra of condensed phases. The fluorescent spectra at T = 0 and T = 250 K of
YAG:Ce3+ were calculated with no adjustable parameter, giving complete agreement with experi-
ment. The energy released by the electronic transitions was determined with precision better than
5% the full width at half maximum of the spectral features. Thermal quenching of the fluorescent
yield is discussed and calculated in a less accurate way, but anyway showing good agreement with
experiment.
PACS numbers: 33.70.-w, 33.50.-j, 78.20.Bh
Fluorescence is generally associated to transitions of
a local electronic orbital causing a significant structural
variation, and hence a strong perturbation of the dynam-
ics of nuclear degrees of freedom. The absent, or very
weak [1], zero-phonon line in the observed spectra proves
in empirical way that few-phonon processes are infre-
quent. The wide frequency spectra of the exchanged pho-
tons, the large Stokes shifts and peak asymmetries, and
the marked dependence of the spectral features on the
local and long-range properties of the hosting medium,
have all them a common explanation: the large amount
of energy spent in exciting acoustic traveling waves in
the medium hosting the fluorescent molecule [2, 3]. From
a thermodynamic standpoint, the electronic and electro-
magnetic radiation fields are two weakly coupled systems
going through a transformation between two well defined
states, in thermal equilibrium with the energy reservoir
constituted by the acoustic vibrational modes of the ex-
tended material medium. By the entropy law, the ther-
mal bath always takes a positive amount of energy in
the average. In photon absorption processes the radia-
tion field statistically provides the energy delivered to the
thermal bath, and the electron field does in the emission
events. Then the Stokes shift is a direct consequence of
the second law of thermodynamics. Peak asymmetries
have a similar general explanation, since photons car-
rying an energy excess, or defect, are more probable in
absorption, or emission, processes.
The technology of fluorescence has advanced at an ac-
celerating pace in a variety of applications [4–6]. Many
of them follow from the sensitivity of the optical prop-
erties of the fluorophores to the physical attributes of
the embedding medium [7–13]. Despite these advances,
there are still some aspects which deserve deeper under-
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standing. Recent papers report a theoretical framework
able to reproduce with high numerical precision the tem-
perature dependent lineshapes [2] and quenching [3] of
the fluorescent spectra of molecules in a condensed envi-
ronment. The purpose of this communication is to take
advantage of a thorough and complete study of the op-
tical properties of YAG, previously published by other
authors [1], to briefly show the power of the methods for
the analysis of fluorescent spectra put forward in these
papers [2, 3], and the convenience of having at hand a
good theoretical tool for analyzing the empirical facts.
Yttrium aluminum garnet (Y3Al5O12 or YAG) doped
with Ce3+ is a phosphor widely applied in white LEDs
for converting blue to yellow light, among many other
technical applications. Fed by the violet and blue lines
of the commonly employed halophosphate phosphor,
YAG:Ce3+ produces a broad emission band shifted to
yellow which combines with the white light of the LED
phosphor to make it warmer. The experimental study of
Bachmann et al. is particularly useful because exhibits
spectra taken at temperatures from near T = 0 up to
T = 600 K [1]. However, what makes this experiment
special is that the resolution was large enough to clearly
observe at 489 nm the zero–phonon line of one of the
two partially superimposed emission bands. This quite
unusual observation in fluorescent spectra gives not only
the absolute energy released in the main electronic tran-
sition, 2d → 2F5/2, as E = 2.535 eV [1, 14], but also the
probability of a zero–phonon event. A shoulder in the
spectral maximum suggests the contribution of a com-
peting secondary transition, interpreted as 2d → 2F7/2
[1, 14]. The relative intensity of the zero–phonon line at
a temperature T = 4 K is 0.27% of the total intensity of
the main emission band.
In general, the lineshape function is given by the func-
tion [2, 3, 15, 16]
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−∞
dτ exp
{− α[J(τ ;T )− J(∞;T )]}
× exp
{
i
[
αI(τ)− 2a
~vs
(~ck − E)τ
]}
+ exp
[− αJ(∞;T )] δ(~ck − E),
(1)
where ~ck is the photon energy, E the energy difference
of the two electronic states involved in the transition, a
is essentially the bond length, and vs the mean speed of
sound of the acoustic modes of vibration of the medium.
The general form of the auxiliary functions J(τ ;T ) and
I(τ) depends on the symmetry of the surroundings of the
optically sensitive orbital [16]. For the simplest case of
octahedral symmetry they read
J(τ ;T ) =
∫ aqD
0
dx
x
(
1− sinx
x
)
coth(βx) sin2(τx),
(2)
I(τ) =
1
2
∫ aqD
0
dx
x
(
1− sinx
x
)
sin(2τx) , (3)
with qD being the cutoff for the wavenumber of acoustic
waves, and the adimensional magnitudes appearing in
the lineshape function F (~ck;T ) are given by [2]
α =
3(∆F )2
pi2~ρv3s
β =
~vs
2akBT
τ =
vs
2a
t, (4)
where kB is the Boltzmann constant, T the temperature,
α an electron–phonon coupling constant, and
J(∞;T ) = 1
2
∫ aqD
0
dx
x
(
1− sinx
x
)
coth(βx). (5)
The second term in the right hand side of Eq. (1)
for F (~ck;T ), containing the delta–function is the zero–
phonon line, and the first one the phonon broadened dis-
tribution. The lineshape function F (~ck;T ) is normal-
ized as [2, 15, 16]
∫ ∞
−∞
d(~ck)F (~ck;T ) = 1 (6)
and hence the relative contribution of zero–phonon pro-
cesses to the total fluorescent yield is
IZPL = exp
[− αJ(∞;T )]. (7)
Bauchmann et al. measured IZPL = 0.0027 at T = 4 K.
At T ≈ 0, Eq. (5) does not depend on the constant β
because the hyperbolic function goes rapidly to unity as β
grows. With practically no precision loss, one can replace
J(∞; 4 K) by J(∞; 0 K) = 0.5817. This way, the low
temperature data allows to determine the constant α
0.0027 = exp(−α× 0.5817) =⇒ α = 10.17. (8)
It is assumed here that aqD = (12pi
2)1/3, corresponding
to octahedral symmetry.
On the other hand, the maximum of the main peak
of the T = 4 K spectrum is at λ = 523 nm (2.370 eV).
As the zero phonon line is at λ = 489 nm (2.535 eV)
the contribution to the Stokes shift of emission is the
difference 0.165 eV. This result is useful to determine the
energy scale factor in Eq. (1) that puts the maximum of
the distribution in the right place. This gives
~vs
2a
= 8.8121× 10−22 J = 0.00550 eV . (9)
The mean speed of sound in YAG is vs = 5.47× 103 m/s
[17]. Replacing in Eq. (9), one obtains that a = 32.7 nm,
which is a very reasonable value. The calculated dis-
tance of substitutional Ce3+ in YAG to the nearest oxy-
gen neighbors is 23–24 nm [18]. The figure for a is closer
to the six Al3+ neighbors with coordination quasioctahe-
dral, whose distances to the Ce3+ ion are 30.0 and 33.6
nm [18]. Hence the assumption of octahedral symmetry
for aqD is consistent with the predominance of the bond-
ing of the Ce3+ ions with their Al3+ next-neighbors.
FIG. 1: Open circles represent the fluorescent emission spec-
trum of YAG:Ce3+ at T = 4 K, as measured by Bauchmann
et al. [1]. The solid line represents Eq. (1) with constants de-
termined from the experiment and no fitting parameter. The
origin of ∆ is in the energy of the zero–phonon line of the
transition 2d→ 2F5/2. The broken line is the difference, evi-
dencing the existence of a competing transition, presumably
2d→ 2F7/2.
Knowing the two constants α and ~vs/(2a) the line-
shape function (1) can be evaluated for T = 0. The
resulting curve is shown in Fig. 1, together with the ex-
perimental data of Bauchmann et al. for T = 4 K. The
3coincidence between theory and the main feature of the
experimental spectrum (attributed to the 5d1 → 2F 5/2
transition [14]) is remarkable, particularly because the
theoretical curve has no adjustable parameter.
FIG. 2: The broken line depicts the difference between the
theoretical curve and experimental data shown in Figure 1.
Open circles represent Eq. (1) with the coupling constant α
as a fitting parameter and ∆ displaced in 0.192 eV in order
to describe the second transition 2d→ 2F7/2.
The broken lines in Figs. 1 and 2 represent the differ-
ence between the experimental data and the theoretical
curve for α = 10.17 and ~vs/(2a) = 0.00550 eV. In-
terpreting this new data set as the emission attributed
to the transition 5d1 → 2F 7/2 [14], a theoretical fit of
it is essayed with the lineshape function (1), with the
coupling constant α = 12.3, same energy scale con-
stant ~vs/(2a) = 0.00550 eV, and the photon energies
shifted in 0.192 eV. The new zero phonon line is then
at E′ = 2.343 eV, which is the net energy released in
the second transition. As shown by Fig. 2, the corre-
spondence between theory and experiment is again very
good. The displacement of the energy transfers affects
also the zero–phonon line and the net energy released in
the second transition. Table 1 summarizes the situation.
TABLE I: Energy released in the electronic transitions.
Transition Energy [eV]
2d→ 2F5/2 2.535
2d→ 2F7/2 2.343
The empirical data we are comparing with are nor-
malized by setting the maxima of the distributions at
unity. The theoretical curve of Fig. 1 was normalized
accordingly, dropping the factor preceding the integral
in Eq. (1) and multiplying it by a weight factor 12.00
to put the maximum at unity. The fit of the theoretical
curve and the data in Fig. 2 was attained by the same
procedure with a weigth factor 5.71. Thus the ratio of
the intensities of the two emission bands is close to 2:1.
The constants α and ~vs/(2a) are enough to deter-
mine the line shape at any temperature through Eq. (1).
The integrated intensities, or quantum yields, constitute
a different matter because competitive non radiative de-
cay channels may exist, giving rise to temperature depen-
dent quenching of the quantum efficiency. The shape of
the absorption and emission bands, given by Eq. (1), are
not affected because quenching is in general due to the
simultaneous draining of the excited states by an alter-
nate non radiative process [3]. The emission probabilities
per unit time of photons of different energies are then af-
fected the same way, and their relative values are not
changed.
FIG. 3: Emission intensity at T = 250 K. Broken lines depict
the contribution of the two transitions, as given by Eq. (1)
with the same constants determined from the analysis of the
T = 0 data. Circles represent the data of Bachmann et al. [1]
The calculations for T = 0 were repeated for T =
250 K, yielding the curves of Fig. 3. They were obtained
conserving α = 10.17 and 12.3 for the 2.535 eV and 2.343
eV transitions, respectively, and ~vs/(2a) = 0.0550 eV.
This gives β = 0.2553 for T = 250 K. The broken lines
represent the contributions of the two transitions, and the
solid line is the sum of both with weighting factors 13.95
and 7.50. Although the ratio of the intensities varied a
little with respect to the case T = 0, it is still close to
2:1. Actually, the ratio between the intensities of the
two contributions differs from 2:1 by 5% and -7% at T =
0 and T = 250 K, respectively. This suggests that the
transition contributing the most may be connected with
the four coplanar Al3+ next-neighbors to the Ce3+ ion,
and the remaining two Al3+ ions of the quasi–octahedral
array be connected with the weaker contribution.
A deep study on the problem of quenching and its
temperature dependence has been recently published [3].
The theoretical investigation of the thermal quenching of
YAG:Ce3+ is particularly interesting because has been
the subject of thorough experimental study of Bachmann
et al. The predicted quantum yield given by Eq. (1) is
4FIG. 4: Temperature dependence of the quantum yield of
the fluorescence of 3.33% concentration YAG:Ce3+, excited by
light of 450 nm wavelength [1]. Circles stand for experiment
and the solid line represents the approximate Eq. (10) with
p = 2.20 × 10−7 J1/2 and ε = 0.350 eV. The meaning of
the broken line is discussed in the text. Experimental and
theoretical results show some discrepancies because Eq. (10)
is an asymptotic expression valid under conditions which are
not fully satisfied here.
always unity, as expressed by Eq. (6), independent of the
temperature and particularities of the hosting medium.
This is because the derivation of Eq. (1) assumes a single
decay channel and drops terms of the system Hamilto-
nian which becomes significant when the coupling of the
electronic and configurational variables become strong
enough, as occurs in fluorescent solids or molecules in
a condensed medium. These terms do not contain vari-
ables of the radiation field and give rise to non radiative
decay channels which compete with the radiative contri-
bution [3].
The temperature dependent integrated intensity, or
quantum yield, of YAG:Ce3+ fluorescence deserves a de-
tailed study. By the time being we will simply apply the
asymptotic equation for the ratio of the quantum yield
φ(T ) at two temperatures, T and a reference temperature
T0 [3],
φ(T )
φ(T0)
=
1 +
p√
kBT0
exp
(
− ε
kBT0
)
1 +
p√
kBT
exp
(
− ε
kBT
) , (10)
which holds for high temperatures and strong enough
electron–phonon coupling. The latter is made appar-
ent by the breadth of the spectral maximum. Eq. (10)
has proven to reproduce with great accuracy the tem-
perature dependent yield efficiency of dissolved 8-
methoxypsoralen, which displays a single fluorescent
maximum of 0.6 eV full width at half maximum (FWHM)
[3]. However, the maxima exhibited by YAG:Ce3+ do
not go beyond 0.25 eV FWHM, and then the accuracy
of the simple Eq. (10) in the present case may be less
than perfect. Fig. 4 shows the data of Bauchmann et
al. for the ratio expressed in the right hand side of
Eq. (10) with T0 = 300 K (circles). The solid line rep-
resents Eq. (10) with the constants p = 2.20× 10−7 J1/2
and ε = 5.61 × 10−20 J = 0.350 eV. The fit of the theo-
retical curve to the experimental data is fairly good for
values of the constants which have the expected magni-
tudes. However small but systematic deviations do exist.
Beside the rather insufficient width of the spectral maxi-
mum, the temperature range is another source of errors.
The mean speed of sound in YAG is vs = 5.47× 103 m/s
[14], which is a rather high value. Hence the Debye tem-
perature is expected to be high as well, higher than 300
K. As the Debye temperature is the reference for temper-
atures, Eq. (10) is expected to be not very precise in the
interval 300 K < T < 600 K. The temperature dependent
quantum yield curves reported by Bachmann et al. vary
with the Ce3+ concentration and wavelength of the ex-
citing light. Independence of these variables is attained
for just the highest concentration (3.33%). The effect is
presumably due to the formation of small clusters of the
substitutional Ce impurities. The local distortions they
produce in the lattice give rise to an attractive interac-
tion. These hypothetical clusters would be less regular
for lower concentrations, giving rise to the dependence on
exciting wavelength and concentration. By this reason
Fig. 4 takes the data of the higher 3.33% concentration.
The broken line in Fig. 4 represents the curve given
by an equation similar to Eq. (10), but with the factor
p/
√
kBT replaced by the numerical constant 3420 and
ε = 5.75 × 10−20 J = 0.359 eV. This was done because
this kind of equation has been essayed in the literature
for fitting the temperature dependence of the thermal
quenching of luminescence. Also, the broken line in Fig-
ure 4 shows that, although multiplying a strongly vary-
ing exponential factor, the temperature dependence of
the pre–exponential factor is not completely lost and can
be elucidated from the analysis of the data.
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